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1. INTRODUCTION
This paper is concerned with a class of nonlinear difference equations of
the form
s sD r D x q g x s 0, n s 0, 1, . . . , 1 .  . .n n n n
 4`where s is a quotient of positive odd integers, g is a nonnegativen ns0
 4`sequence which has a positive subsequence, and r is a positiven ns0
sequence such that
` 1
s `. 2 . 1r srkks0
 .Since 1 can be written as
1rss sr x y x y g x .n nq1 n n n
x s x q ,nq2 nq1  /rnq1
482
0022-247Xr96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
SECOND ORDER NONLINEAR DIFFERENCE EQUATIONS 483
it is clear that given initial conditions x and x , we can assign an exact0 1
meaning to the root of a complex number and then calculate successively
 4x , x , . . . in a unique manner. Such a sequence x will be called a1 2 n
 .solution of 1 . Clearly, a solution may be a complex sequence. Here, we
are interested in the existence of a positive solution. Similar questions
related to equations of the form
s sD r D x q g x s 0, n s 0, 1, . . . , 3 .  . .n n n nq1
w xhave been studied in 1]4 . These studies and the present one shows that
there are some subtle relations and differences between these two equa-
tions, as we will see below.
We base our investigation on a Riccati-type transformation introduced
w xin 1 . Monotone methods are then used to derive necessary and sufficient
 .conditions for the existence of a positive solution of 1 . Two useful
implications are then derived as applications. In the final section, we will
consider there two equations as members of a class of advanced type
difference equations, and their relations will be considered.
2. EXISTENCE CRITERIA
 4  .We begin by assuming that x is a positive solution of 1 . Then we seen
 .from 1 that
s sD r D x F yg x F 0 . .n n n nq1
 4for n G 0. Furthermore, since g has a positive subsequence, the nonin-n
  .s 4creasing sequence r D x is either positive or eventually negative. Ifn n
the latter holds, then
s
r D x F c - 0 .n n
for n greater than or equal to, say N. But then
c1r s
D x F , n G N ,n 1rsrn
so that
n 1
1r sx y x F c ª y`,n N 1rsrnksN
 4which is a contradiction. We have thus shown that if x is a positiven
 .   .s 4solution of 1 , then r D x is a positive nonincreasing sequence, andn n
 4D x is a positive sequence.n
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 4`Let the sequence w be defined byn ns0
s
r D x .n n
w s , n s 0, 1, 2, . . . . 4 .n sxn
Then by means of what we have just shown, w ) 0 and Dw F 0 forn n
n G 0. Furthermore, since
1rsD x D x x w D xnq1 nq1 nq1 nq1 ns s q 1 /  /x x x r xn nq1 n nq1 n
1rs 1rsw wnq1 ns 1 q , /  / /r rnq1 n
 .we see from 1 that
ss s 1rsr D x r D x w .  .nq1 nq1 n n nyg s y s w 1 q y w ,n nq1 ns s  / /x x rn n n
or
s1rswn
Dw q w 1 q y 1 q g s 0, 5 .n nq1 n / 5 /rn
for n G 0.
For the sake of convenience, we will write
z1rzx
F x , y , z s 1 q y 1. .  / /y
 .Then we can also write 5 in the simpler form
Dw q w F w , r , s q g s 0, n G 0. .n nq1 n n n
 .Note that F x, y, z ) 0 for x, y, z ) 0. Furthermore,
z1r z 1r z 1r zx q y x .
F x , y , z s , .x 1r z 1r zxy x q y .
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which is positive for x, y, z ) 0; and
z1r z 1r z 1r zy x q y x .
F x , y , z s , .y 2 1r z 1r zy x q y .
 .which is negative for x, y, z ) 0. We may also show that F x, y, z G 0 forz
w xx, y, z ) 0. A proof of this statement can be found in 4 . It amounts to
 .  1r z. zshowing that g z s log 1 q t is nondecreasing in z for t G 0, which
follows from
1 q t1r z log 1 q t1r z y t1r z log t1r z .  .  .
Xg z s G 0 . 1r z1 q t
 .for t G 0. These properties of F w, r, s will be referred later as the
monotone nature of F.
 .  4`THEOREM 1. Equation 1 has a positi¨ e solution x if , and only if ,n ns0
 4`there is a positi¨ e sequence y which satisfies the following recurrencen ns0
relation
` `
y F y , r , s q g F y , n s 0, 1, 2, . . . . 6 .  . kq1 k k k n
ksn ksn
 4  .  4Proof. If x is a positive solution of 1 , then the sequence wn k
 .defined by 4 is a positive solution of the relation
` `
w F w , r , s q g F w , n s 0, 1, 2, . . . , 7 .  . kq1 k k n n
ksn ksn
 .  4obtained by summing 5 from n to `. Conversely, let y s y be an
 . ` `positive sequence which satisfies 6 . Let us define a mapping T : l ª l
as follows:
` `
Tz s z F z , r , s q g , n s 0, 1, . . . , .  . n kq1 k k n
ksn ksn
 4` `  .  .where z s z g l . Note that in view of 6 , Ty F y for n G 0.n ns0 n n
0.  0.4 1.Consider the successive approximating sequences z s z , z sn
 1.4z , . . . , defined byn
z 0. s 0 8 .
and
z mq1. s Tz m. , n G 0, m s 0, 1, . . . . 9 .  .nn
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 .By means of the monotone properties of F w, r, s , it is not difficult to
see that
z 0. - z 1. F z 2. F ??? F z m. F ??? F yn n n n n
 4for m, n G 0. Thus, by letting w to be the positive sequence defined byn
w s lim z m. , n G 0,n n
mª`
 .we may then take limits on both sides of 9 and infer from Lebesgue's
dominated convergence theorem that w s Tw.
 .  4`In view of 4 , the sequence x defined by x s c ) 0 andn ns0 0 0
1rswn
x s x 1 q , n s 0, 1, . . . 10 .nq1 n  / 5rn
 .is a positive solution of 1 . Q.E.D.
We remark that by slightly modifying the arguments used in the proof of
 .the above Theorem cf. the arguments which follow the next result , we see
that the following variant holds.
 .THEOREM 2. Equation 1 has a positi¨ e solution if , and only if , the
 m.4  .  .sequence z defined by 8 and 9 is well defined and pointwise con¨er-
gent.
 .  .The approximating sequence defined by 8 and 9 is not the only one
that is available. Indeed, let us introduce another formal sequence of
 m.4 ` `sequences c defined as follows: First we define a mapping S: l ª l
by
`
Su s u F u , r , s , n G 0, .  .n kq1 k k
ksn
 4` `where u s u g l . Then we definen ns0
`
0.c s g , n G 0, 11 .n k
ksn
c 1. s Sc 0. , n G 0, 12 . .n n
and for m s 1, 2, . . . ,
c mq1. s S c 0. q c m. , n G 0. 13 . . .n n
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 m.4If the sequence c is well defined, then by means of the monotone
 . 1.properties of F w, r, s , c ) 0 for n G 0. Furthermore,n
c 2. s S c 0. q c 1. G Sc 0. s c 1. , n G 0, .  . .n nnn
and
c 3. s S c 0. q c 2. G S c 0. q c 1. s c 2. , n G 0. .  . .  .n nn n
Inductively, we see that
0 - c 1. F c 2. F . . . , n G 0.n n
 m.4Therefore, if we assume in addition that c is pointwise convergent to
 .c , then by Lebesgue's monotone convergence theorem, we see from 13
that
`
0. 0. 0. 0.c q c s c q c q c F c q c , r , s , n G 0. .  .n n n kq1 kq1 k k k
ksn
In other words, we have found a positive sequence c 0. q c which satisfies
 .  46 . Conversely, if we assume that y s y is a positive sequence whichn
 .satisfies 6 , i.e.,
Sy q c 0. F y , n G 0, . n n n
then
c 0. F Sy q c 0. F y , n G 0, . nn n n
c 0. q c 1. s c 0. q Sc 0. F c 0. q Sy F y , n G 0, . . nn n n n nn
and inductively,
c 0. q c mq1. s c 0. q S c 0. q c m. F c 0. q Sy F y , . . . nn n n n nn
n G 0.
 m.4In other words, the sequence c is well defined. Therefore,
0 - c 1. F c 2. F ??? F y , n G 0,n n n
 m.4which implies that c is also pointwise convergent.
 .THEOREM 3. Equation 1 has a positi¨ e solution if , and only if , the
 m.4  .  .  .sequence c defined by 11 , 12 and 13 is well defined and pointwise
con¨ergent.
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We now deduce two important implications from these existence crite-
 4`  .ria. First of all, if y is a positive sequence which satisfies 6 , then byn ns0
means of the monotone properties of the function F, it also satisfies
` `
y F y , R , m q G F y , n s 0, 1, 2, . . . , . kq1 k k k k
ksn ksn
 4`where 0 - m F s , G is a sequence which satisfiesn ns0
` `
G F g , n G 0, 14 . k k
ksn ksn
 4`and R is a sequence which satisfies 0 - r F R for n G 0. Then ns0 n n
following Hille-Wintner type comparison theorem is now clear from Theo-
rem 1.
COROLLARY 1. Assume that m is a quotient of positi¨ e odd integers which
 4`satisfies 0 - m F s , that R is a positi¨ e sequence which satisfiesn ns0
0 - r F R for n G 0 andn n
` 1
s `, 1r mRnns0
 4`and that G is a nonnegati¨ e sequence which possesses a positi¨ en ns0
 .  .subsequence and satisfies 14 . If equation 1 has a positi¨ e solution, then so
is the following equation
m mD R D z q G z s 0, n s 0, 1, 2, . . . . . .n n n n
Next, let us assume that s G 1 and
` ` ` `1 1 q d
g g G g , n G 0, 15 .   i j k 5  5r 4kksn isk jskq1 ksn
where d is an arbitrary positive number. In terms of the sequence c 0.
 .  .defined by 11 , 15 is equivalent to saying that
` 0. 0.c c 1 q dk kq1 0.G c , n G 0. nr 4kksn
Now the sequence c 1. and c 2. defined above will satisfy
c 1. G c c 0. , n G 0,n 0 n
SECOND ORDER NONLINEAR DIFFERENCE EQUATIONS 489
 .where c s 1 q d r4, and0
`
2. 0. 1. 0. 1.c G c q c F c q c , r , s .  .n kq1 kq1 k k k
ksn
`
0. 0.G 1 q c c F 1 q c c , r , 1 .  . . 0 kq1 0 k k
ksn
` 0.ck2 20. 0. 0.G 1 q c c G 1 q c c c ' c c , n G 0, .  .0 kq1 0 0 n 1 nrkksn
respectively. By induction, we easily see that
c mq1. G c c 0. , n G 0, m s 1, 2, . . . ,n m n
where
2c s 1 q c c , m s 1, 2, . . . . .m my1 0
 4It is also easy to see that the sequence c is increasing. We assert furtherm
 .2that it is unbounded. Otherwise, c ª c would imply c s 1 q c c , orm 0
c c2 q 2c y 1 c q c s 0. .0 0 0
However, this quadratic equation cannot have a real solution if c ) 1r4.0
Thus the assumption that c ª c is impossible. As a consequence, them
 m.4sequence c cannot be pointwise convergent. The following is now
clear from Theorem 3.
 4`COROLLARY 2. Assume that s G 1 and that the sequence g satis-n ns0
 .  .fies 15 for some positi¨ e number d . Then equation 1 cannot ha¨e any
positi¨ e solutions.
 .We remark that the condition 15 in Corollary 2 is sharp in the
following sense.
COROLLARY 3. Assume that s s 1, that
`
g - `, k
ks0
and
` ` ` `1
g g F m g , n G 0,   i j k 5  5rkksn isk jskq1 ksn
 .where m F 1r4. Then 1 has a positi¨ e solution.
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 .Proof. The crux of our proof lies in the observation that F x, y, s s
 m.4xry when s s 1. More specifically, consider the sequence c defined
 .  .  .by 11 , 12 and 13 . Note that
`
0.c s g - `, n G 0,n k
ksn
and
`
1. 0. 0. 0.c s Sc s c F c , r , 1 .  .n kq1 k kn
ksn
` 0. 0.c ckq1 k 0.s F c c , n G 0, 0 nrkksn
where c s m. Next,0
` 0. 1. 0. 1.c q c c q c .  .kq1 kq1 k k2. 0. 1.c s S c q c s . . n n rkksn
` 0. 0. 0. 0.c q c c c q c c .  .kq1 0 kq1 k 0 kF  rkksn
` 0. 0.c ckq1 k2 0.F 1 q c s c c , n G 0, . 0 1 nrkksn
 .2where c s 1 q c c . Inductively, we see that1 0 0
c mq1. F c c 0. , n G 0,n m n
where
2c s 1 q c c , m s 1, 2, . . . . .m my1 0
 4It is also easy to see that the sequence c is nondecreasing and con-m
verges. We may see this as follows. Consider the fixed point problem
 .x s g x where
2g x s m 1 q x . .  .
As is customary, we find fixed points by means of the iteration scheme
2x s m 1 q x , m s 1, 2, . . . . .m my1
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Note that when m s 1r4, the graph of g is a parabola which has a unique
 .  .minimum at x s y1 and touches the y s x line at x, y s 1, 1 . There-
fore, if we choose x s m, then we see that the approximating sequence0
 4x is strictly increasing and converges to x s 1. If c - 1r4, then clearlyn 0
 4c - x - 1 for all m. This shows that c is bounded and hencem m m
converges.
 4We have thus shown that the sequence c is well defined and point-n
wise convergent. The proof is now complete in view of Theorem 3.
3. AN ADVANCED TYPE EQUATION
 .  .Both 1 and 3 belongs to the following class of advanced type
difference equations of the form
s sD r D x q g x s 0, n s 0, 1, . . . , 16 .  . .n n n nqr
where a nonnegative integral advancement t is added to the original
 .equation 1 . The new parameter will cause a technical difficulty regarding
the question of existence and uniqueness of solutions if we try to calculate
 .solutions in a recursive manner. More precisely, when t s 2, equation 16
is equivalent to
s s sr x y x y r D x q g x s 0 .  .nq1 nq2 nq1 n n n nq2
and therefore, x has to be solved implicitly. Despite such difficulty,nq2
 .fortunately, by means of the same Riccati transform 4 , we may proceed
in a similar manner as in the last Section and obtain the following
extension of Theorem 1.
 .  4`THEOREM 4. Equation 16 has a positi¨ e solution x if , and only if ,n ns0
 4there is a positi¨ e sequence y which satisfies the following recurrencen
relation
` ` kqty1
y F y , r , s q g F y , r , s q 1 F y , n G 0. .  . .  kq1 k k k i i n
iskksn ksn
17 .
Since
` ` kqty1
g F g F w , r , s q 1 . .  k k i i
iskksn ksn
for w ) 0, we immediately obtain from Theorems 1 and 4 the followingi
corollary.
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 .  .COROLLARY 4. If 16 has a positi¨ e solution, then so does 1 .
 .In case t s 1, several existence criteria for positive solutions of 16
w xhave been given in 1, 2 . In view of Corollary 4, these existence criteria are
 .also valid for 1 .
A partial converse of the above Corollary can be obtained as follows.
 4  .Let x be a positive solution of 1 such thatn
s1rskqty1 kqty1wk
1 F 1 q s F w , r , s q 1 F G , k G 0, . .  i i / /risk iskk
18 .
 .where w is defined by 4 . Thenk
` ` kqty11
w F w , r , s q g F w , r , s q 1 F w , .  . .  kq1 k k k i i nG iskksn ksn
n s 0, 1, 2, . . . ,
so that there exists a positive solution of
1s sD r D x q g x s 0, n s 0, 1, . . . . . .n n n nqtG
At this point, it is not clear what conditions are needed for a positive
 4  .solution x to exist such that the additional property 18 holds. However,n
 4we may twist the above arguments slightly and conclude that if x is an
positive solution of
s sD r D x q hg x s 0, n s 0, 1, 2, . . . , 19 .  . .n n n n
 .where h G 1 while the other parameters are the same as in 1 , and if
s1rskqty1 kqty1wk
1 F 1 q s F w , r , s q 1 F h 20 .  . .  i i / /risk iskk
 .  .for k G 0, where w is defined by 4 , then 16 has a positive solution.k
 4  .Now, we assert that if x is a positive solution of 19 , thenn
s
r D x .n n ª 0
sxn
 .   .s .  .sas n ª `. Indeed, from 19 , we see that D r D x F 0, and r D xn n n n
  .s 4) 0 for n G 0. Thus either r D x decreases to zero or to a positiven n
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constant j . In the former case,
s s
r D x r D x .  .n n n nF ª 0
s sx xn 0
as desired. In the latter case, we have
1rs
j
D x G ,n  /rn
 .which implies, in view of 2 , that
ny1 1r sj
x G x q ª `.n 0 1rsriis0
Thus,
s s
r D x r D x .  .n n 0 0F ª 0
s sx xn n
 4also. As a consequence, if 1rr is bounded, then given any number h ) 1,n
the condition will automatically hold for all large k. Therefore, we may
 4  .now conclude that if h ) 1 and 1rr is bounded and if 19 has a positiven
 .solution, then 16 will have an eventually positive solution.
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